This work is devoted to the investigation of the nonclassical problem for a multidimensional elliptic equation with two integral boundary conditions. By introducing special multipliers we prove the uniqueness of the solution and obtain new a priori estimates, which permit one to establish the existence of a solution in the corresponding Sobolev spaces.
Introduction
In this paper, we consider the nonlocal boundary value problem for a multidimensional elliptic equation u(x, y)dy = 0, x ∈ ω, (1.2) where ω ⊂ R n (n ≥ 1) is a bounded domain with Lipschitz boundary ∂ω, 0 < ξ 1 < ξ 2 < 1 and f : Ω → R, a ij , a 0 : ω → R are given functions from suitable spaces. Nonlocal problems are widely used for mathematical modeling of various processes of physics, ecology, chemistry and industry, when it is impossible to determine the boundary or initial values of the unknown function. Nonclassical boundary and initial-boundary value problems with integral and discrete nonlocal boundary conditions were studied for various equations (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and references given therein). It should be pointed out that papers, where integral nonlocal boundary value problems are considered, mainly deal with integral boundary conditions given on the whole space domain.
In the present paper we investigate the nonclassical problem (1.1), (1.2) in the spaces of distributions applying the following variational formulation, which is equivalent to the original problem in the spaces of smooth enough functions:
Find u ∈ L 2 (0, 1; H 1 0 (ω)), ∂u/∂y ∈ L 2 (0, 1; L 2 (ω)), which satisfies the equation 
Note that in the case of the nonclassical problem (1.2), (1.3) it is impossible to directly apply the Lax-Milgram theorem to Eq. (1.3), because we cannot let ϕ = u, since u may differ from zero for y = 0 and y = 1. We introduce specific multipliers and applying them we prove the uniqueness of the solution. The existence result will be obtained using a priori estimates corresponding to the integral boundary conditions.
Main result
To investigate integral nonlocal boundary value problem (1.2), (1.3), for the abstract Hilbert space X let us consider the following weighted space of vector-valued distributions
Note that the introduced space is a Hilbert space equipped with the norm
The vector-functions from the space V (0, 1; X ) in general are not continuous on the segment [0, 1], however the following embedding result is valid.
and applying the embedding theorem [13] we have that v
By taking account of the following properties ‖dv/dy
, from the latter estimates we infer that
and is continuously embedded in it.
The following existence and uniqueness theorem is valid for the nonclassical problem (1.2), (1.3).
and satisfy the conditions
then the nonlocal problem (1.2), (1.3) has a unique solution.
Proof. First, let us prove the uniqueness of the solution. Let u be a solution of the homogeneous equation (1.3), which satisfies the nonlocal boundary conditions (1.2). We consider the function ϕ(x, y) such that ϕ(
, applying the embedding theorem we obtain that
. So, the introduced function ϕ belongs to H 1 0 (Ω) and we can let ϕ = ϕ in the Eq. (1.3). By taking account of the expression for ϕ(x, y) from (1.3) we obtain
By taking account of the properties of u, we have u *
. By using the formula for integration by parts and boundary conditions (1.2), for the expressions in the right-hand side of (2.2) we have
Consequently, by virtue of the conditions (1.2) and (2.1), from (2.2) we obtain that u ≡ 0.
To prove the existence note that the elliptic operator Av ≡ − ∑ n i,j=1 ∂/∂x i (a ij ∂v/∂x j )+a 0 v is a linear continuous operator from H 1 0 (ω) to its dual space H −1 (ω), which, by virtue of (2.1), is self-adjoint and bounded below on H 1 0 (ω). By taking account of the fact that the continuous embedding of
is dense and compact, from the general result for self-adjoint and coercive operators [14] , we find that there exists a system of eigenfunctions {v n } n≥1 of the operator A :
Let us consider the sequence of approximate solutions w N (x, y) = ∑ N k=1 u k (y)v k (x), where u k is a solution of the following boundary value problem for the ordinary differential equation
3)
where 
Now we obtain estimates for u k , which permit one to prove the convergence of the sequence of approximate solutions
u k (α)dα, and using the formula for integration by parts we obtain
The first term on the right-hand side of (2.5) can be estimated as follows
where ε is an arbitrary real number from (0, 1). Similarly, for the second and the third terms we have
Applying the latter estimates, for small enough ε, from (2.5) we infer that
To obtain estimates of the second order derivatives of u k we consider the function v
. Multiplying both sides of (2.3) by v 1 k , integrating on (0, 1) and using the formula for integration by parts we obtain
Since u k satisfies Eq. (2.3) almost everywhere in (0, 1), for the first term in the right-hand side of (2.7) we have the following estimates
For the second and the third terms on the right-hand side of (2.7) similar estimates are valid
, applying the latter estimates for small enough ε, we obtain
.
In addition, by taking account of the boundedness below on H 1 0 (ω) of the operator A, we obtain
where ⟨., .⟩ is the duality between H −1 (ω) and H 1 0 (ω). Hence, from (2.6), (2.8) we have
dy ≤ c, 
